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Abstract 

We prove that any topological loop homeomorphic to a sphere 
or to a real projective space and having a compact-free Lie group 
as the inner mapping group is homeomorphic to the circle. More¬ 
over, we classify the differentiable 1-dimensional compact loops 
explicitly using the theory of Fourier series. 
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Introduction 

The only known proper topological compact connected loops snch 
that the groups G topologically generated by their left translations are 
locally compact and the stabilizers H of their identities in G have no 
non-trivial compact subgroups are homeomorphic to the 1-sphere. In [8], 
0.0. cni it is shown that the differentiable 1-dimensional loops can be 
classihed by pairs of real functions which satisfy a differential inequality 
containing these functions and their first derivatives. A main goal of this 
paper is to determine the functions satisfying this inequality explicitly in 
terms of Fourier series. 

If L is a topological loop homeomorphic to a sphere or to a real 
projective space and having a Lie group G as the group topologically 
generated by the left translations such that the stabilizer of the identity 
of L is a compact-free Lie subgroup of G, then L is the 1-sphere and G 
is isomorphic to a hnite covering of the group PS'L2(M) (cf. Theorem 4). 

To decide which sections a : G/if —)■ G, where G is a Lie group and 
iL is a (closed) subgroup of G containing no normal subgroup 7^ 1 of G 
correspond to loops we use systematically a theorem of R. Baer (cf. [5] 
and [8], Proposition 1.6, p. 18). This statement says that a corresponds 
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to a loop if and only if the image a{G/H) is also the image for any section 
G/H°‘ —)■ G, where H = a~^Ha and a E G. As one of the applications 
of this we derive in a different way the differential ineqnality in 0 , P- 
218, in which the necessary and snfficient conditions for the existence of 
1 -dimensional differentiable loops are hidden. 

Basic facts in loop theory 

A set L with a binary operation {x,y) ^ x * y : L x L ^ L and an 
element e E L snch that e*x = x*e = x for all x E L is called a loop 
if for any given a,b E L the eqnations a * y = h and x * a = b have 
nniqne solutions which we denote hy y = a\b and x = b/a. Every left 
translation Xa : y ^ a * y : L ^ L, a E L is a. bijection of L and the 
set A = {Aq, a E L} generates a group G such that A forms a system of 
representatives for the left cosets {xH, x G G}, where H is the stabilizer 
of e G A in G. Moreover, the elements of A act on G/H = {xH, x E G} 
such that for any given cosets all and bH there exists precisely one left 
translation with X^aH = bH. 

Conversely, let G be a group, if be a subgroup containing no normal 
subgroup 7 ^ 1 of G and let a : Gj if —)■ G be a section with a(ff) = 1 G G 
such that the set a{G/H) of representatives for the left cosets of H in 
G generates G and acts sharply transitively on the space G/H (cf. [8], 
p. 18). Such a section we call a sharply transitive section. Then the 
multiplication dehned by xH *yH = a{xH)yH on the factor space G/H 
or by X * 1 / = a{xyH) on a{G/H) yields a loop A(ct). The group G is 
isomorphic to the group generated by the left translations of L{a). 

We call the group generated by the mappings Xx^y = X~yXxXy : L -E 
L, for all x,y G L, the inner mapping group of the loop L (cf. [8], 
Dehnition 1.30, p. 33). According to Lemma 1.31 in [S], p. 33, this 
group coincides with the stabilizer H of the identity of L in the group 
generated by the left translations of L. 

A locally compact loop L is almost topological if it is a locally compact 
space and the multiplication * : A x A —)■ A is continuous. Moreover, if the 
maps (a, 6) i—)■ 6/a and (a, b) a\b are continuous then A is a topological 
loop. An (almost) topological loop A is connected if and only if the group 
topologically generated by the left translations is connected. We call the 
loop A strongly almost topological if the group topologically generated 
by its left translations is locally compact and the corresponding sharply 
transitive section a : G/ff —)■ G, where H is the stabilizer of e G A in G, 
is continuous. 

If a loop A is a connected differentiable manifold such that the mul¬ 
tiplication * : A X A —)■ A is continuously differentiable, then A is an 
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almost C^-differentiable loop (cf. Definition 1.24 in |H], p. 31). More¬ 
over, if the mappings (a, 6) ^ h/a and (a, 6) i—)■ a\h are also continu¬ 
ously differentiable, then the loop L is a C^-differentiable loop. If an 
almost C^-differentiable loop has a Lie group G as the group topologi¬ 
cally generated by its left translations, then the sharply transitive section 
a ■. G/H ^ G is C^-differentiable. Conversely, any continuous, respec¬ 
tively C^-differentiable sharply transitive section a : G/H ^ G yields an 
almost topological, respectively an almost C^-differentiable loop. 

It is known that for any (almost) topological loop L homeomorphic 
to a connected topological manifold there exists a universal covering loop 
L such that the covering mapping p : L —)■ L is an epimorphism. The 
inverse image p~^{e) = Ker(p) of the identity element e of L is a central 
discrete subgroup Z of L and it is naturally isomorphic to the fundamen¬ 
tal group of L. If Z' is a subgroup of Z, then the factor loop L/Z' is a 
covering loop of L and any covering loop of L is isomorphic to a factor 
loop L/Z' with a suitable subgroup Z' (see [5]). 

If L' is a covering loop of L, then Lemma 1.34 in [S], p. 33, clarifies the 
relation between the group topologically generated by the left transla¬ 
tions of L' and the group topologically generated by the left translations 
of L: 

Let L be a topological loop homeomorphic to a connected topological 
manifold. Let the group G topologically generated by the left translations 
Xa, a E L, of L be a Lie group. Let L be the universal covering of L and 
Z C L be the fundamental group of L. Then the group G topologically 
generated by the left translations Xu,u E L, of L is the covering group 
of G such that the kernel of the covering mapping ip : G ^ G is Z* = 
{A^,^ E Z} and Z* is isomorphic to Z. If we identify L and L with 
the homogeneous spaces G/H and G/H, where H or H is the stabilizer 
of the identity of L in G or of L in G, respectively, then p{H) = H, 
H n Z* = {1}, and H is isomorphic to H. 

Compact topological loops on the 3-dimensional sphere 


Proposition 1. There is no almost topological proper loop L homeomor¬ 
phic to the 3-sphere S 3 or to the 3-dimensional real projective space V 3 
such that the group G topologically generated by the left translations of L 
is isomorphic to the group SL 2 {C) or to the group PSL 2 {C), respectively. 

Proof. We assume that there is an almost topological loop L homeo¬ 
morphic to 1 S 3 such that the group topologically generated by its left 
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translations is isomorphic to G = SL 2 {C). Then there exists a contin- 
nons sharply transitive section a : SL 2 {C)/H —)■ SL 2 {C), where H is 
a connected compact-free 3-dimensional snbgronp of SL 2 {C). Accord¬ 
ing to [2], pp. 273-278, there is a one-parameter family of connected 
compact-free 3-dimensional snbgronps Hr, r G M of SL 2 {C) snch that 
7/^1 is conjngate to 77^2 precisely if ri = r 2 . Hence we may assnme that 
the stabilizer 77 has one of the folowing shapes 


Hr = 


exp[(ri — l)a] 


; Qj G M, 6 G C 


r G 


0 exp[(l —ri)a] 

(cf. Theorem 1.11 in [ 8 ], p. 21). For each r G M the section cr^ : G/Hr —)■ 
G corresponding to a loop is given by 


( ^ y\n ^ y\( exp[(ri - l)/(x,y)] g{x,y) \ 

\ -y X ) '' \-y x)\ 0 exp[(l-ri)/(x,y)] y’ 

where x^y E xx + yy = 1 snch that f{x, y) : ^ R, g{x, y) : 5^ —)■ C 

are continnons fnnctions with /(I, 0) = 0 = g{l, 0). Since is a sharply 
transitive action for each r G R the image ar{G/Hr) forms a system 
of representatives for all cosets a;77)7, 7 G G. This means for all given 
c, d E , cc + dd = 1 each coset 


u 

—V 



-d 

c 


where u,v E C, uu + vv = 1, contains precisely one element of ar{G/Hr). 
This is the case if and only if for all given c,d,u,v G C with uu + vv = 
1 = cc + dd there exists a nniqne triple {x, y, q) E with xx + yy = 1 
and a real nnmber m snch that the following matrix eqnation holds: 

f uc-vd -ud-yc \ 7 x V '\ f exp[{ri - l)f{x,y)] 9 {x,y) \ 

yvc + ud uc — vd J\ —y x J\ 0 exp[(l — r*)/(a:, y)] J 


exp[(r*-l)m] q W 7 ^ H'l 

y 0 exp[(l — ri)'m] ) \ d c J ' ^ 

The (1,1)- and (2,l)-entry of the matrix eqnation (1) give the following 
system A of eqnations: 

[(ux+ vy)c+{uy — vx)d\exp[{ri — l)f{x,y)] = exp[(ri — l)m]c-l-gd (2) 

[{vx — uy)c + [ux + vy)d] exp[(ri — l)/(x, y)] = exp[(l — ri)m]d. (3) 

If we take c and d as independent variables the system A yields the 
following system B of eqnations: 

(ux + vy) exp[ir/(a;, y)] exp[—f{x, y)] = exp(irm) exp(—m) (4) 
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{uy — vx) eyi]i[{ri — l)f{x,y)]d = dq (5) 

{ux + vy) exp[ir/(a;, y)] exp[—f{x, y)] = exp(m) exp(—irm). ( 6 ) 

Since equation (5) must be satisfied for all d G C we obtain g = 0. From 
equation (4) it follows 

ux + vy = exp(irm) exp(—m) exp[—ir/(a;, y)] exp[/(a;, y)]. (7) 

Putting (7) into ( 6 ) one obtains 

exp(irm) exp(—m) = exp(m) exp(—irm) ( 8 ) 

which is equivalent to 

exp[2(ir — l)m] = 1. (9) 

The equation (9) is satisfied if and only if m = 0. Hence the matrix 
equation ( 1 ) reduces to the matrix equation 

( X y\f exp[(ri - l)/(x, 2 /)] g{x,y) ^ = f ^ A 

\ -y X ) \ 0 exp[(l - ri)/(x, 2 /)] ) \ -v u ) ' 

and therefore the matrix 

exp[{ri-l)f{x,y)] 9 {x,y) 

0 exp[{l-ri)f{x,y)] 

is an element of SU 2 {C). This is the case if and only if f{x,y) = 0 = 
g{x,y) for all {x,y) G with xx + yy = 1. Since for each r G M the 

loop Lr is isomorphic to the loop Lr(ar), hence to the group SU 2 {C), 
there is no connected almost topological proper loop L homeomorphic to 
1 S 3 such that the group topologically generated by its left translations is 
isomorphic to the group SL 2 {C). 

The universal covering of an almost topological proper loop L home¬ 
omorphic to the real projective space V 3 is an almost topological proper 
loop L homeomorphic to 1S3. If the group topologically generated by the 
left translations of L is isomorphic to PSL 2 {C) then the group topolog¬ 
ically generated by the left translations of L is isomorphic to SL 2 {C). 
Since no proper loop L exists the Proposition is proved. □ 

Proposition 2. There is no almost topologieal proper loop L homeomor¬ 
phic to the 3-dimensional real projective space V 3 or to the 3-sphere S 3 
such that the group G topologically generated by the left translations of 
L is isomorphic to the group SL 3 {R) or to the universal covering group 

SL 3 {R), respectively. 
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Proof. First we assume that there exists an almost topological loop L 
homeomorphic to V 3 such that the group topologically generated by its 
left translations is isomorphic to G = S'L 3 (M). Then there is a contin¬ 
uous sharply transitive section a : SL^iM)/!! —>■ SL^iM), where if is a 
connected compact-free 5-dimensional subgroup of SLs{M.). According 
to Theorem 2.7, p. 187, in [1] and to Theorem 1.11, p. 21, in |H] we may 
assume that 


1 

r/a 

k 

V \ 

, 1 


0 

b 

1 

; a > 0, 6 > 0, /c, /, n G M / 

1 

1 Vo 

0 

(a6)-i ) 

' 1 


Using Euler angles every element of S' 03 (M) can be represented by the 
following matrix 


g{t,u,z) 


cos t sin i 0 
— sin t cos t 0 
0 0 1 


1 0 0 
0 cos z sin z 
0 — sin z cos z 


cosu sinw 
— sin u cos u 
0 0 



( cos t cos u — sin t cos z sin u cos t sin u + sin t cos z cos u sin t sin z \ 

— sin t cos u — cos t cos z sin u — sin t sin u + cos t cos z cos u cos t sin z , 
sin z sin u — sin z cos u cos z J 

where t,u E [0, 27r] and z E [0, vr]. 

The section a : SL^{M^)/H —)■ S'L 3 (M) is given by 

/ fiit,u,z) h{t,u,z) h{t,u,z) \ 

g{t,u,z)H ^ g{t,u,z)\ 0 f4,{t,u,z) f5(t,u,z) , (11) 

\ 0 0 f^^it,u,z)f^^{t,u,z) J 


where t,u E [0,27r], 2 ; E [0,7r] and fi{t,u,z) : [0, 27r] x [0, 27r] x [0,7r] —)■ 
M are continuous functions such that for i E {1,4} the functions /j 
are positive with /j(0,0,0) = 1 and for j = {2,3,5} the functions 
fj{t,u,z) satisfy that /j( 0 , 0 , 0 ) = 0 . As cr is sharply transitive the im¬ 
age a{SL 3 (M.)/H) forms a system of representatives for all cosets xH^, 
S E SLs{R). Since the elements x and 6 can be chosen in the group 
S'( 93 (M) we may take x as the matrix 

cosg cosr —sing sinr cosp cosq sinr-|-sing cosr cosp sing sinp 
— sing cosr —cosg sinr cosp —sing sinr-|-cosg cosr cosp cosg sinp 
sinp sinr — sinp cosr cosp 

and 6 as the matrix 

cos a cos /3 — sin a sin /3 cos 7 cos a sin /3 -|- sin a cos P cos 7 sin a sin 7 
— sin a cos P — cos a sin P cos 7 — sin a sin P + cos a cos P cos 7 cos a sin 7 
sin 7 sin P — sin 7 cos P cos 7 

where g, r,a, fp E [0, 27r] and E [0, vr]. The image a{SL^{^) / H) forms 
for all given 5 E S' 03 (M) and x E S' 03 (M) a system of representatives for 
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the cosets xH^ if and only if there exists nniqne angles f, n G [ 0 , 2ti\ and 
G [ 0 , tt] and nniqne positive real nnmbers a, b as well as nniqne real 
nnmbers k, I, v snch that the following equation holds 


dx g{t,u, z)f = h 6 , 

where the matrices S, x have the form as above, 



f2{t,U,z) f3{t,U,z) 

f4it,U,z) f5it,U,z) 

0 f^\t,u,z)f^\t,u,z) 


and 


h = 



( 12 ) 


V 

I 

0 0 (ab)-^ 

Comparing the hrst column of the left and the right side of the equation 
( 12 ) we obtain the following three equations: 


z){[{cos a cos/l —sina sin/? cos 7 )(cos r cosg —sinr sing cosp)+ 
(cos a sin d +sin a cos/3 cos 7 ) (sin r cosg + cosr sing cosp)+ 
sin a sin 7 sin p sing] (cost cos u —sin t sin it cosz) — 

[—(cos a cos/3 —sin a sin/3 cos 7 ) (cos r sing + sinr cosg cosp)+ 

(cosa sin/3 + sina cos/3 cos 7 )(—sinr sing + cosr cosg cosp)+ 
sin a sin 7 sin p cosg] (sin t cos u +cost sintt cosz)+ 

[(cos a cos/3 —sin a sin/3 cos 7 ) sinr sinp— 

(cos a sin/3 +sin a cos/3 cos 7 ) cos r sinp + sin a sin 7 cos p] sin z sinu} = 
a(cosa cos/3 —sin a sin/3 cos 7 ) — A:(sin a cos/3 +cos a sin/3 cos 7 )+ 
rsin 7 sin/3, 


/i(t, u, z){[—(sin a cos/3 +cos a sin/3 cos 7 ) (cos r cosg —sinr sing cosp) — 
(—sina sin/3 + cosa cos/3 cos 7 )(sinr cosg + cosr sing cosp)+ 
cos a sin 7 sinp sing] (cost cos u —sin t sintt cosz) — 

[(sin a cos/3 +cos a sin/3 cos 7 ) (cos r sing + sinr cosg cosp)+ 

(—sina sin/3 + cosa cos/3 cos 7 )(—sinr sing + cosr cosg cosp)+ 
cos a sin 7 sinp cosg] (sin t cos u +cost sinn cos 2 ;)+ 

[—(sin a cos/3 +cos a sin/3 cos 7 ) sinr sinp—(cos a cos/3 cos 7 —sin a sin/3) 
cos r sinp + cos a sin 7 cos p] sin z sin u} = 

—b{sma cos/3 +cos a sin/3 0037 ) +/sin 7 sin/3, 

/i(t, u, z){[(cos r cosg —sinr sing cosp) sin 7 sin/3— 

(sinr cosg + cosr sing cosp) sin 7 cos/3 + cos 7 sinp sing] 

(cost cosu —sint sintt cosz) + [(cosr sing + sinr cosg cosp) sin 7 sin/3+ 
(—sinr sing + cosr cosg cosp)sin 7 cos/3 + cos 7 sinp cosg] 
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(sint cos u +cost sin it cos 2 ;)+ 

[(sin 7 sin/3 sinr sinp + sin 7 cos/3 cosr sin p) + cos 7 cos p] sin 2 ; sin it} = 
(a 6 )“^sin 7 sin/3. 


If we take sin 7 sin /3 and cos 7 as independent variables the third equa¬ 
tion turns to the following equations 


0 = fi{t,u, z)[sinp smq{cost cos it —sin t sin it cosz) — 

sinp cosq(smt cos 11 +cost sin it cos 2 )+cosp sinz sin it] 
iab)~^ = {[(cosr cos q —sinr sing cos p) (cost cos it —sin t sin it cosz) + 
(cosr sin g +sinr cosq cos p) (sin t cos it + cost sin it cosz) + 
sinr sinp sinz sin it] — 
cos (3 


(13) 


sin/3 


[(sinr cos g +cosr sing cos p) (cost cos it —sin t sin it cosz) — 


(—sinr sing + cosr cosg cosp)(sint cosit + cost sin it cosz) — 
cosr sinp sinz sinit]}/i(t, it, z). (14) 


If we take cos a sin/3 cosq, sin/3 sin 7 as independent variables from 
the second equation it follows 
cos a 


I = 


-b = 


sin/3 


/i(t, It, z)[sinp sing(cost cos it —sin t sin it cosz) — 


sinp cosg(sint cos 11 +cost sin it cosz) + cosp sinz sin it] (15) 

{[—(cosr cosg —sinr sing cos p) (cost cos it —sin t sin it cosz) — 

(cosr sin g +sinr cosg cos p) (sin t cos 11 +cost sin it cosz) — 
sinr sinp sinz sin it] — 
cos/3 


sin/3 


[(sinr cos g +cosr sing cos p) (cost cos it —sin t sin it cosz) — 


(—sinr sing + cosr cosg cos p) (sin t cos it + cost sin it cosz) — 
cosr sinp sinz sinit]}/i(t, it, z). (16) 


If we choose sin a sin/3 cosq, sin/3 sin 7 as independent variables the 
hrst equation yields 

sin a , w . . . . . , 

V = --/lit, It, z) sinp smgfcost cos it —sin t sin it cosz) — 

sin/3 

sinp cosg(sint cosit + cost sinit cosz) + cosp sinz sinit] (17) 


cos a 

a + k— - 

sin Of 


{[(cosr cosg —sinr sing cosp)(cost cosit —sint sinit cosz) — 

(cosr sing +sinr cosg cosp)(sint cosit + cost sinit cosz) + 
sinr sinp sinz sinit] — 

cos/3, . . , 

-- (sinr cosg +cosr sing cosp)(cost cosit —sint sinit cosz) — 

sin/3 

(—sinr sing + cosr cosg cosp)(sint cosit + cost sinit cosz) — 
cosr sinp sinz sinit]}/i(t, it, z). (18) 



Since fi{t,u,z) > 0 from equation (13) it follows that 

0 = sinp sing(cost cosn —sint sinu cos2;) + 

sinp cosg(sint costt + cosf sintt cos2;) + cosp sinz sintt. (19) 

Using this it follows from (15) that I = 0 holds and from equation (17) 
that n = 0. Since the equation (14) must be satished for all G [0, 27r] 
we have 

(ab)~^ = [(cosr cosg —sinr sing cosp)(cost cosm —sini sinw cosz) + 

(cost sing + sinr cosq cosp)(sini cosuG cost sinu cosz) + 
sinr sinp sinz sinu]/i(t, u, z) (20) 

0 = [(sinr cosg +cosr sing cosp)(cost cosu —sint sinu cosz) — 

(—sinr sing + cosr cosg cosp)(sint cosu + cost sinu cosz) — 
cosr sinp sinz sinu]. (21) 

Using equation (21) and comparing the equations (20) and (16) we obtain 

that {ab)~^ = b. With equation (21) the equation (18) turns to 

cos a ., . . , , . . , 

a + k— - = (cosr cosg —sinr sing cosp)(cost cosu —sint sinu cosz) — 

sin a 

(cosr sing +sinr cosg cosp)(sint cosu + cost sinu cosz) + 
sinr sinp sinz sinu]/i(t, u, z). (22) 

Since the equation (22) must be satisfied for all a G [0, 27r] we obtain 
k = 0. Using this, the equations (22) and (20) yield {ab)~^ = a. Since 
1 = ab{ab)~^ = it follows that a = 1 and hence the matrix h is the 
identity. But then the matrix equation (12) turns to the matrix equation 

g{t,u,z)f = X. 

As X and g(t,u,z) are elements of S'03(M) one has / = xg~^{t,u, z) G 
S'03(M). But then / is the identity, which means that 

/l(t, U,z) = 1 = Uit, M, z), /2(t, M, z) = fsit, U, z) = /5(t, U, z) = 0, 

for all t,u E [0,2+] and z G [0,+]. Since the loop L is isomorphic to the 
loop L{a) and L{a) = S'03(M) there is no connected almost topological 
proper loop L homeomorphic to V 3 such that the group topologically 
generated by its left translations is isomorphic to SL^{M.). 

Now we assume that there is an almost topological loop L homeo¬ 
morphic to 1S3 such that the group G topologically generated by its left 
translations is isomorphic to the universal covering group SL^{M.). Then 
the stabilizer H of the identity of L may be chosen as the group (10). 
Then there exists a local section a : U/H ^ G, where U is a suit¬ 
able neighbourhood of H in G/H which has the shape (11) with suffi¬ 
ciently small t,u E [0, 2+], z G [0, +] and continuous functions fi(t, u, z) : 
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[0,27r] X [0,27r] x [0,7r] —)■ M satisfying the same conditions as there. 
The image a{U/H) is a local section for the space of the left cosets 
{xH^; X E G, 6 G G} precisely if for all suitable matrices x := g{q,r,p) 
with sufficiently small {q,r,p) E [0,27r] x [0,27r] x [ 0 , 7 r] there exist a 
unique element g(t,u,z) E Spin^iM) with sufficiently small (t,u,z) E 
[0, 27r] X [0, 27r] x [0, vr] and unique positive real numbers a, b as well as 
unique real numbers k,l,v such that the matrix equation ( 12 ) holds. 
Then we see as in the case of the group SLs{Wj that for small x and 
g{t,u,z) the matrix / is the identity. Therefore any subloop T of L 
which is homeomorphic to iSi is locally commutative. Then according 
to [ 8 ], Corollary 18.19, p. 248, each subloop T is isomorphic to a 1- 
dimensional torus group. It follows that the restriction of the matrix / 
to T is the identity. Since L is covered by such 1-dimensional tori the 
matrix / is the identity for all elements of 1 S 3 . Hence there is no proper 
loop L homeomorphic to 1 S 3 such that the group G topologically gener¬ 
ated by its left translations is isomorphic to the universal covering group 
SL^). □ 

Compact loops with compact-free inner mapping groups 

Proposition 3. Let L be an almost topological loop homeomorphic to a 
compact connected Lie group K. Then the group G topologically generated 
by the left translations of L cannot he isomorphic to a split extension of 
a solvable group R homeomorphic to M"’ (n > 1) by the group K. 

Proof. Denote by H the stabilizer of the identity of L in G. If G has the 
structure as in the assertion then the elements of G can be represented by 
the pairs (/c, r) with k E K and r E R. Since L is homeomorphic to K the 
loop L is isomorphic to the loop L[a) given by a sharply transitive section 
a : G/H -E G the image of which is the set & = {(k,f(k)); k E K}, 
where / is a continuous function from K into R with /(I) = 1 E R. 
The multiplication of {L{a),*) on © is given by (x,/(x)) * {y,f{y)) = 
a{{xy,f{x)f{y))H). 

Let T be a 1-dimensional torus of K. Then the set {(t, /(t)); t E T} 
topologically generates a compact subloop T of L{a) such that the group 
topologically generated by its left translations has the shape TU with 
T r\U = 1 , where f/ is a normal solvable subgroup of TU homeomorphic 
to for some n > 1. The multiplication * in the sub loop T is given by 

(x, /(x)) * {y, f{y)) = a{{xy, f{x)f{y))H) = {xy, f{xy)), 

where x,y E T. Hence T is a subloop homeomorphic to a 1-sphere which 
has a solvable Lie group S as the group topologically generated by the 
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left translations. It follows that T is a l-dimensional torus group since 
otherwise the group S would be not solvable (cf. [S], Proposition 18.2, p. 
235). As / : T —)■ t/ is a homomorphism and U is homeomorphic to M” it 
follows that the restriction of / to T is the constant function /(T) = 1. 
Since the exponential map of a compact group is surjective any element 
of K is contained in a one-parameter subgroup of K. It follows f{K) = 1 
and L is the group K which is a contradiction. □ 

Theorem 4. Let L he an almost topological proper loop homeomorphic 
to a sphere or to a real projective space. If the group G topologically 
generated by the left translations of L is a Lie group and the stabilizer 
H of the identity of L in G is a compact-free subgroup of G, then L is 
homeomorphic to the 1-sphere and G is a finite covering of the group 

F5L2(K). 

Proof. If dim L = 1 then according to Brouwer’s theorem (cf. [TT], 96.30, 
p. 639) the transitive group G on Si is a hnite covering of PSL 2 (M.). 

Now let dim L > 1. Since the universal covering of the n-dimensional 
real projective space is the n-sphere Sn we may assume that L is home¬ 
omorphic to iSn, n > 2. Since L is a multiplication with identity e on Sn 
one has n G {3, 7} (cf. [1]). 

Any maximal compact subgroup K of G acts transitively on L (cf. 
m, 96.19, p. 636). As HnK = {1} the group K operates sharply tran¬ 
sitively on L. Since there is no compact group acting sharply transitively 
on the 7-sphere (cf. [TT], 96.21, p. 637), the loop L is homeomorphic to 
the 3-sphere. The only compact group homeomorphic to the 3-sphere is 
the unitary group S'[/ 2 (C). If the group G were not simple, then G would 
be a semidirect product of the at most 3-dimensional solvable radical R 
with the group SU 2 {C) (cf. [I], p. 187 and Theorem 2.1, p. 180). But ac¬ 
cording to Proposition 3 such a group cannot be the group topologically 
generated by the left translations of L. Hence G is a non-compact Lie 
group the Lie algebra of which is simple. But then G is isomorphic either 
to the group SL 2 {C) or to the universal covering of the group SL^iM). It 
follows from Proposition 1 and 2 that no of these groups can be the group 
topologically generated by the left translations of an almost topological 
proper loop L. □ 

The classification of 1-dimensional compact connected C^loops 

If L is a connected strongly almost topological 1-dimensional compact 
loop, then L is homeomorphic to the 1-sphere and the group topologically 
generated by its left translations is a hnite covering of the group PSL 2 (M.) 
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(cf. Proposition 18.2 in [H], P- 235). We want to classify explicitly all 1- 
dimensional C^-differentiable compact connected loops which have either 
the gronp PSL 2 (M.) or SL 2 {R) as the gronp topologically generated by 
the left translations. 

First we classify the 1-dimensional compact connected loops having 
G = SL 2 {R) as the gronp topologically generated by their left trans¬ 
lations. Since the stabilizer H is compact free and may be chosen as 
the gronp of npper triangnlar matrices (see Theorem 1.11, in [8], p. 21) 
this is eqnivalent to the classihcation of all loops L{a) belonging to the 
sharply transitive C^-differentiable sections 


a 


f cost sint \ (f a b \ 

(-sini C0.4 jUo 

( “"))( /ih)with (eR. (23) 

y — smf cost J \ 0 j [t) J 


Definition 1. Let tF he the set of series 

OO 

Oo + cos Hsin H), f G M, 

such that 


k=l 


Ok + kbk 


E kd]^ — 6 ^ , 

W—^smH 

k=l ' 


1 + ^2 ■ 

cos kt for all fG[0,27r], 


k=l 

Ok T kbk 

1 + F 


2ao > + bl 


k=l 


- 1 
'P + 1' 


Lemma 5. The set F consists of Fourier series of continuous functions. 


Proof. Since of. + bj, < yOo it follows from [H], p. 4, that any series 

k=2 

in F converges nniformly to a continnons fnnction / and hence it is the 
Fonrier series of / (cf. [H], Theorem 6.3, p. 12). □ 

Let (T be a sharply transitive section of the shape (23). Then /(f), g{t) 
are periodic continnonsly differentiable fnnctions M —)■ M, snch that f(t) 
is strictly positive with /(2/c7r) = 1 and g{2k7r) = 0 for all fc G Z. 
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As a is sharply transitive the image a{G/H) forms a system of rep¬ 
resentatives for the cosets xH^ for all p G G (cf. [3]). All conjn- 
gate gronps can be already obtained if p is an element of A' = 

,t 6 Mj>. Since = KH^ for any k E K the 

gronp K forms a system of representatives for the left cosets xH^. 

We want to determine the left coset x{t)H^ containing the element 




sint 

cost 


/W 9{t) \ 

0 f-\t) )' 


where k = 


cos B sind \ 1 /,x f cos rjit) sin r](t) 

-sinP cos a ) = f -sin ,(i) cos ,(()_ 

The element (p{t) lies in the left coset x{t)H^ if and only if (p{tY £ 
x{tY H = x{t)H. Hence we have to solve the following matrix eqna- 
tion 


f cost sinf \ r f fit) git) 

y-sint cost j f V 0 /"'W 


/ cos pit) sin pif) \ f a 
y —sin p{t) cos p{t) / \ 0 



(24) 


for snitable a > 0, 6 G M. Comparing both sides of the matrix eqnation 
(24) we have 

fit) cos/9 (sin t cos/3 — costsin/?) — git) sin/d(sinf cos/3 — cost sin/3)-|- 
fit)~^ sin /3(sint sin (3 + cost cos (3) = sinp(t)a 

and 


fit) cos/3(cos t cos (3 + sin t sin (3) — gif) sin/3 (cost cos (3 + sin t sin (3) + 
fif)~^ sin/3(costsin/3 — sintcos/3) = cospif)a. 


From this it follows 


tan pjs{t) 


iff) — g{t) tan /3)(tan t — tan/3) + f ^(t) tan /3(1 -|- tan t tan (3) 
iff) — g{t) tan /3)(1 -|- tan t tan /3) -t- /“^(t) tan /3(tan /3 — tant) 


Since f3 can be chosen in the intervall 0 < /3 < ^ and ^ < /3 < vr we may 
replace the parameter tan (3 by any tc G M. 

A C^-differentiable loop L corresponding to a exists if and only if the 
fnnction 1 1 —)■ Pwif) is strictly increasing, i.e. if p'^jif) > 0 (cf. Proposition 
18.3, p. 238, in 0)- The fnnction a^f) : t i—)■ tanp^jjf) : R —)■ RU{±oo} 
is strictly increasing if and only if pf{t) > 0 since 


^tan(p^(t)) = 


cos2(p^(t)) 


vL{t)- 
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A straightforward calculation shows that 

rj in‘^ -J— 1 

— tan(r 7 ^(t)) = K0'(^)/(^) + 9 {t)f{t) + g'^{t)f{t) + 1) + 

w{-2f{t)fit)-2git)f{t)) + nt)]. (25) 


Hence the loop L{a) exists if and only if for all w G M the ineqnality 


0 < w\g'{t)f{t) + g{t)f{t) + g\t)f\t) + 1) + 

w{-2f{t)f\t)-2g{t)f{t)) + f\t) (26) 


holds. For w = 0 the expression (26) eqnals to /"^(t) > 0. Therefore the 
ineqnality (26) satishes for all ta G M if and only if one has 

fHt)+g{t)f{t)f{t)-g'{t)fit)-f{t)<0 and ^?'(0) > ^(0) - 1 

(27) 

for all f G M. Pntting f(t) = f ^(t) and g{t) = —g(t) these conditions 
are eqnivalent to the conditions 

and ^'(0) < 1 -/'^(O) (28) 


(cf. [8], Section 18, (C), p. 238). 

Now we treat the differential ineqnality (28). The solntion h{t) of the 
linear differential eqnation 


h'{t)+h{t)C^+- fit) = 0 

m m 


(29) 


with the initial conditions h(0) = 0 and h'(0) 


1 — /'^(O) is given by 


t 

Ht) = j(Pit) - f'^it))dt. 

0 


Since ^(0) = h(0) = 0 and ^'(0) < h'(0) it follows from VI in [13] (p. 66) 
that g{t) is a snbfnnction of the differential eqnation (29), i.e. that g{t) 
satishes the differential ineqnality (28). Moreover, according to Theorem 
V in [13] (p. 65) one has git) < hit) for all t G (0,27r). Since the 
functions git) and h(f) are continuous 0 = ^(27r) < h(27r). This yields 
the following integral inequality 

27r 

jiPit) - f\t))dt > 0. (30) 

0 
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We consider the real function R{t) defined by R{t) = f{t) — fit). Since 
/(O) = /(27r) = 1 and /'(O) = /'(27r) we have i?(0) = 1 - /'(O) = 
l-f(27r) = i?(27r). 

The linear differential equation 

y'{t) - y{t) + = 0 with 2 /( 0 ) = i (3i) 

has the solution 

t 

y{t) = e*(l — J R{u)e~^du). (32) 

0 

This solution is unique (cf. [6], p. 2) and hence it is the function f{t). 

2-k 

The condition /(27r) = 1 is satisfied if and only if f R(u)e~^du = 1 — 

0 

Since R(t) has periode 271 its Fourier series is given by 

OO 

oo + ^^(ofc cos H sin H), (33) 

k=l 


27T 

where oq = y / R(t) dt, au = 
^ 0 

Partial integration yields 

t 

J sin ku e~'^du 
0 


277 277 

- J R(t) cos kt dt, and bk = - J R(t) sin kt dt. 
0 0 


k — k cos kt e ^ — sin kt e * 

1 + F 


(34) 


cos ku e '^du = 


1 + k sin kt e ^ — cos kt e 
1 + k‘^ 


-,-4 


(35) 


Using (34) and (35), we obtain by partial integration 

t ^ t t 

/ OO n n 

R{u)e~'^ du = ao — aoe“* + ^ [ / Ofc cos ku e~^du + bk sin ku e““du] = 


fc=i 


^ afe(l + fcsinfct e ‘—cos fete *) bkik — kcoskte ‘ — sin fete ‘) 
0^0 — ^ 0 ^ “ 1 “ / -:—^— - 




l + P 


l + P 


( 36 ) 


Now for the real coefficients oq, Ofc, bk {k > 1) it follows 



2-k 


f R{u)e '^du = (ao + 
0 


E^)(i 
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Hence one has 


k=i 


(37) 


The function f{t) is positive if and only if 


1> R{ u)e ^du for all tE [0,27r]. 


(38) 


Applying (34) and (35) again we see that the inequality (38) is equivalent 
to 


E i.(2fc/c — &A: . O'k bjfk 

[ , , sin kt - cos kt]. 


k=l 


1 + P 


1 +A;2 


(39) 


Since f'{t) + f{t) = 2e\l — f R(u)e~^du)—R(t) the function f(t) satisfies 

0 

the integral inequality (30) if and only if 


277 t 

r r 

t 


R{t)[2e\l - / R{u)e-^du) - R{t)]dt > 0. 


(40) 


0 0 

The left side of (40) can be written as 

27r 27r t 27r 

2 j R{t)e^dt-2 j R{t)e\ j R{u)e-'^du)dt- j R^{t)dt. (41) 
0 0 0 0 

Using partial integration and representing R{u) by a Fourier series (33) 
we have 

277 


[ R{t)e^dt = (oo + 

n k=l 


Ofc bkk ^ ! 277 


l + F 




(42) 


From (36) it follows 


27r / t 

J R{t)e^ I J R{u)e~^du | dt = 

0 \o 


27r 27r ^ 27r 

ao J R(t)e*dt — ao J R(t)dt + '^^ J ^ 

n n k=l n 


Q-k + kbk 
l + P 


R{t)e^dt+ 
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27r 27r 

E/(w) 

fc=l n ^ / k=l i 


Clk “t“ ^^k 
1 + P 


i?(t) COS kt dt. 


(43) 

Substituting for i?(t) its Fourier series and applying the relation (a) in 
(p. 10) we have 


2tt 


f R(t)dt = 27rao. 


Futhermore, one has 


2n 


2-k 


k=l ' 


2tt 


E 

k=l ■ 


kcik 

1 + F 


kcik 

1 +F 


-R(t) sin kt dt = 


[oo + (o; cos It + bi sin It)] sin kt dt 


1=1 


2tt 


00/,/y L\ OUOCJ« 

■1 ^ ^ fc=i /=i 


fc=i 


kcLk ^/c 

1 + p 


a; cos It sin kt dt+ 


oo oo 

EE 

k=l 1=1 ■ 


2n 


kdk bj^ 
1 +F 


bi sin It sin kt dt. 


The relations (a), (b), (c), (d) in [12], p. 10, yield 

OO 277 /V OO 277 /V OO 

I R{t) sin kt dt=Y^ J (^j^^]bkSiidktdt= I] ( ^1+^2'° )hTi- 

k=l 0 ^ ' k=l 0 ^ ' k=l 


Analogously we obtain that 

OO 277 y V OO 277 y OO 

S I ( ) R(t)coskt dt=J2l bkcos^kt dt = Y. (^^fi|5^)afc7r. 

/c=l 0 ^ ^ 0 ^ ^ 


Using the equality (37) one has 


27r 


R{t)R I / R{u)e "^du 1 dt = 


00,7 OO 

K + ETTl^l(e='-l>-’^E 


fc=l 


fc=l 


- 2 ™^. (44) 


17 

















Substituting for R(t) its Fourier series we have 


2w 

j R^{t) dt 
0 


2tt 


2-k 


\ n 

Qjq dt 2 (Iq ^ ^ / 
k=l n 


{ak cos kt + bk sin kt)dt— 


27r 


'-Awl SwAwl n 

EE (afcO; cos kt cos It + akh cos kt sin lt+ 
k=i 1=1 -I 


bktti sin kt cos It + b^bi sin kt sin It) dt. 


Applying the relations (a), (b), (c), (d) in [12] (p. 10) we obtain 


27 r OO 

/ R^{t) dt = 27ra§ + vr ^ (a| + 6|). 

0 k=l 

Hence the integral inequality (30) holds if and only if 

k^-1 


2ao > + bl) 


k=l 


P + 1' 


Since the Fourier series of R{t) lies in the set R of series the Fourier series 
of R converges uniformly to R (Lemma 5). 

Summarizing our discussion we obtain the main part of the following 

Theorem 6. Let L be a 1-dimensional connected -differentiable loop 
such that the group topologically generated by its left translations is iso¬ 
morphic to the group S'L 2 (M). Then L is compact and belongs to a C^- 
differentiable sharply transitive section a of the form 


a 


f cos t sin t 
y — sin t cos t 

f cos t sin t 
\ — sin t cos t 


{(o );a>0,6GM|^ 

^ t G M (45) 


such that the inverse function f ^ has the shape 


f ^{t) = e*(l — J R{u)e “ du) = 

0 

(fcofc — bk) sin kt + iok + kbk) cos kt 

— 


k=l 


1 + P 


(46) 
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where R{u) is a continuous function the Fourier series of which is con¬ 
tained in the set T and converges uniformly to R, and g is a periodic 
-differentiable function with g{0) = gifln) = 0 such that 

9{t) > -f{t) [ du for all t e (0,27r). (47) 

J f W 
0 

Conversely, if R{u) is a continuous function the Fourier series of which 
is contained in T, then the section a of the form (45) belongs to a loop 
if f is defined by (46) and g is a -differentiable periodic function with 
5'(0) = g{27i) = 0 satisfying (47). 

The isomorphism classes of loops defined by a are in one-to-one cor¬ 
respondence to the 2-sets {{f{t),g{t)),{f{—t),—g{—t))}. 


Proof. The only part of the assertion which has to be discussed is the 
isomorphism question. It follows from [7], Theorem 3, p. 3, that any 
isomorphism class of the loops L contains precisely two pairs (/i, ^^i) and 
(/ 2 , 5 ' 2 )- If ifi.gi) 7 ^ (/ 2 , 5 ' 2 ) and if {fi,gi) satisfy the inequality (27), 
then we have 


m-t) +92{-t)ff{-t)f'{-t) - g'fi-t)fi{-t) - m-t) < 0 . 


since from ffit) = / 2 (-t) and gfit) = -g 2 {-t) we have f[{t) = -/^(-t) 
and g[{t) = g'fi-t). □ 


Remark. A loop L belonging to a section a of shape (45) is a 2-covering 
of a C^-differentiable loop L having the group PS'L 2 (M) as the group 
topologically generated by the left translations if and only if for the 
functions / and g one has /(vr) = 1 and giji) = 0 (cf. [9], p. 5106). 

Moreover, L is the factor loop L/\i^ ^];e = ±1 >. Any n-covering 


of L is a non-split central extension L of the cyclic group of order n by 
L. The loop L has the n-covering of PS'L 2 (M) as the group topologically 
generated by its left translations. 
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